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THEORY AND APPLICATIONS OF THE NOTION OF THE ANALYTIC SIGNAL

by J. VILLE
Doctor of Sciences

Telecommunications Laboratory of the Alsatian Society
of Mechanical Constructions

SUMMARY

This publication is a contribution to the problem of the composite representation of a signal by a
two dimensional distribution of the energy in a domain composed of two axes, the time axis and
the frequency axis. The author proposes such a distribution, using operators analogous to those used
in quantum mechanics. Thus one arrives at a definition of the instantaneous spectrum of a signal,
and of the distribution of the energy associated with one frequency. By integration (with respect
to time) of the instantaneous spectrum (which varies with time) one recovers the spectrum in the
usual sense of the word. The author defines the instantaneous frequency of a signal in the same
way, using the notion of an analytic signal (obtained by the analytic extension of the real signal
when time is considered as a complex variable). These notions of instantaneous frequency and of
the instantaneous spectrum are introduced to furnish a firm theoretical basis for studies of frequency
modulation, of continuous harmonic analysis, of frequency compression, and, in a general manner,
of all the problems for which classical harmonic analysis provides a description which departs too
far from physical reality.

CONTENTS

I. — BIBLIOGRAPHICAL NOTE.

II. — INTRODUCTION.

1. The quantity of information transmitted and the complexity of a signal.
2. Evaluation of the complexity of a signal by the number of substantial

harmonics which are contained in its Fourier expansion.
3. Necessity of composite expansions in time and frequency for the study of

certain questions.
4. Preliminary remarks on the concept of the instantaneous spectrum.
5. General state of the problem of the instantaneous spectrum and instanta-

neous frequency.

III. — PART ONE: ANALYTIC SIGNALS AND INSTANTANEOUS FREQUENCY.

6. Continuation of a real signal in the complex plane.
7. Analytic signals. These may be considered to be the result of the modu-

lation of their envelope by a carrier which is itself frequency modulated.
Instantaneous frequency.

8. All signals modulated by a sufficiently high frequency may be considered
to be analytic.

IV. — PART TWO: GROUP VELOCITY AND INSTANTANEOUS FREQUENCY.

9. Group velocity and phase velocity.

https://archive.org/details/VilleSigAnalytiqueCablesEtTrans1948En


62 �C & T, 2e A., No 1, 1948.�

10. Epoch of a signal considered as the weighted mean of the epochs of different
frequency groups.

11. Mean frequency of a signal considered as a weighted mean of different
instantaneous frequencies.

V. — PART THREE: DISTRIBUTION OF ENERGY IN THE TIME-FREQUENCY

DIAGRAM.

12. Characteristic function of the energy distribution.

13. Energy distribution. Instantaneous spectrum, the distribution in time of
the energy associated with one frequency.

VI. — PART FOUR: APPLICATIONS OF THE CONCEPT OF THE ANALYTIC

SIGNAL.

14. The time distribution of a signal. Amplitude and phase distortion.

15. Transfer admittances.

16. Band-pass filters; examples of physically realizable admittances.

17. Bell-shaped admittance curves.

18. Phase shift filter causing the appearance of the quadrature signal.

19. Quadrature signal and single side-band transmission.

TABLE SHOWING THE LIST
OF THE PRINCIPAL SYMBOLS USED

t | time.

s(t) | real signal.

σ(t) | quadrature signal.

Ψ(t) = s(t) + jσ(t) : analytic signal.

f | frequency (in cycles).

ω | frequency (in radians).

s(ω) | spectrum of a signal (the frequency express in radians).

Φ(f) | spectrum of a signal (the frequency expressed in cycles).

t̄ | mean value of a time sequence.

f̄ | mean frequency.

tf | mean time attached to a frequency f .

ft | instantaneous frequency at time t.

| As a general rule, we make use of :

j = the imaginary unit.

z∗ | imaginary conjugate de z.

µ̄ | mean value of the quantity µ.

|µ| | modulus of µ.
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I. — BIBLIOGRAPHICAL NOTE

The fundamental articles which deal with the general theory of systems of �variable frequency�

are:

J. R. Carson and T. C. Fry, “Variable Frequency Electric Circuit Theory,” Bell System Technical
Journal, 1937, t. XVI, p. 513.

D. Gabor, “Theory of Communication,” Journal of the Institution of Electrical Engineers, vol.
931 part III, no. 26, Nov. 1946, p. 429.

In the first of these articles, one studies the behavior, passing through a network, of a signal of the
form cos[

∫
ω(t)dt+ϕ], of the variable frequency ω(t). In the second, the author is led to decompose

a signal and a double series of signals, where each of the elementary signals occupies a certain
domain of a two-dimensional time-frequency diagram. Carson, Fry, and Gabor have also considered
composite representations, decomposing the signal simultaneously in time and on the frequency
scale, but without giving an exact definition of the energy distribution in such diagrams, which
leaves a certain arbitrariness in the methods of representation that they choose; on the contrary, in
the present work we study a two-dimensional energy distribution, which presumes nothing about
the form of the elementary signals used to analyze the given signal.

II. — INTRODUCTION.

1. The quantity of information transmitted and the complexity of a signal.

The transmission of communication signals is accomplished by means of a transmission of energy,
generally of electromagnetic or of acoustic energy. In contrast to the case of power transmission, it is
not energy itself which is of interest, but rather the changes in this energy in the course of time. The
more complicated the function which represents, as a function of time, the change in voltage, current,
pressure, or any other carrier, the greater is the amount of information carried by the transmitted
energy.

2. Evaluation of the complexity of a signal by the number of substantial harmonics
which are contained in its Fourier expansion.

In practice, in order to evaluate the degree of complexity of a function in a transmission system,
one proceeds to harmonic analysis; that is, one expands the function into sinusoidal components
in the form of a Fourier series or integral. A function s(t) may therefore be considered from two
different points of view:

a) From the first point of view, the function is considered directly; to each value of t
there is associated a value of s, and the complexity of the function increases with the number of
variations shown by the curve which represents s as a function of t. In the case of acoustic signals,
this first point of view is difficult to specify; on the other hand, in the case of telegraph signals, which
are composed of a series of pulses of the same length and height, it is easily seen that the function
becomes more complicated directly with the increase of pulses which occur in a given interval of
time.

b) From the second point of view, the function is considered to be composed of the
superposition of sinusoidal functions which differ in amplitude and in phase. The function becomes
more complicated directly as the number of sinusoidal components of substantial amplitude increases.
This second point of view is of interest in the study of distortions; if, in effect, the signal is transmitted
across a distorting system which suppresses certain sinusoidal components, there is a certain loss
of information in this deformation which may be evaluated. From this it is seen that the capacity
of a communication channel may be evaluated; this quantity being proportional to the number of
independent frequencies that the channel can carry. The consideration of this second point of view
is therefore essential in communication theory.

https://http://archive.org/details/bstj16-4-513
https://sites.google.com/site/michaeldgodfrey/noise-and-information/ Gabor_Th_of_Comm_IEE_v29_p429-457_1946.pdf
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3. Necessity of composite expansions in time and frequency for the study of certain
questions.

There exist some questions where the preceding points of view are insufficient. Since it is desir-
able to use a communication channel to the maximum, one is led to reject the integral transmission
of a signal; in any case, distortions are inevitable. In particular, it is known that if the physiological
impression produced by the superposition of harmonics were not, to some degree, independent of the
relative phase of these harmonics, no long-distance telephone transmission would be possible. In the
same sense, frequency compression would be physically unrealizable if the relative phase shifts of the
different components had to be maintained in the compression of the frequencies. But this tolerance
in transmission is not admissible in certain cases. If we consider a continuous note, emitted by an
organ, for instance, we can de-phase the harmonics without degrading the sound. But, consider a
symphony; if we expanded the corresponding sound in a Fourier series, we would obtain a series of
harmonics, lasting for the duration of the symphony, which obviously we may not arbitrarily dephase.

So we see the necessity of going further into the harmonic analysis of a function. We are going
to show the general course we should follow in the particular case of an acoustic signal.

4. Preliminary remarks on the concept of the instantaneous spectrum.

On hearing a fragment of music, there is no connection between the physiological impression
received at an instant, and the amplitude of the acoustic signal s(t) which is considered: the ear
reacts only to a succession of values of s(t). But this does not at all imply that the definition of
s(t) in terms of its sinusoidal components is perfect. If we consider a fragment containing many
components (which is the least that one should ask) and one note, la for example, appears once
in the fragment, the harmonic analysis will present us with the amplitude and the phase of the
corresponding frequency, without locating the time point of the la. And yet, it is obvious that in
the course of the fragment there will be instants when the la will not be heard. Nevertheless, the
representation is mathematically correct, because the phase of the notes near la acts to destroy this
note by interference when la is not heard, and to reinforce it, also by interference, when it is heard ;
but if there exists in this concept a cleverness which does justice to mathematical analysis, there is
also a distortion of reality; in fact, when la is not heard, the true reason is that la is not emitted.

It is therefore desirable to search for a composite definition of the signal, of the kind anticipated
by Gabor: at each instant a number of frequencies is presented, giving the strength and the pitch of
the sound which is heard; with each frequency there is associated a certain distribution in time which
defines the intervals during which the corresponding note is emitted. This leads to the definition
of the instantaneous spectrum as a function of time, which gives the structure of a signal at a
given instant; the spectrum of the signal, in the usual sense of the term, which gives the frequency
composition for the whole time interval of emission, is obtained by summing all the instantaneous
spectra (precisely by integrating them with respect to time). Using a form of correlation, one is led
to the distribution of frequencies in time; the signal is recovered by integrating these distributions.

Unfortunately, things are not as simple as they seem at first glance. We indeed see that we must
consider the continuous harmonic analysis of a signal; therefore, for such an analysis we can either :

First cut the signal into pieces (in time) by a commutator ;

then present these different slices to a system of filters to analyze them.

Or :

First filter the different frequency bands ;

then cut the bands into pieces (in time) to study the energy variations.

Continuous harmonic analysis consists, then, of the application of two operators (filtering and
commutation).

However, these two operators are such that either one of them, if it is very exact (very short
pieces or very narrow bands) renders the other inoperative, because it deforms the signal considerably
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(by the introduction of transient currents for commutation, or a long duration in time for narrow band
filters). The instantaneous spectrum may only be determined, physically, to some approximation.
But another question is presented to us: approximation to what? This is why we have tried to obtain
a precise definition of instantaneous spectrum, in order to have a theoretical basis, non-existent
until now, to guide research into the specification of apparatus for continuous harmonic analysis,
frequency compression, or any other techniques for which the classical concepts of frequency and
spectrum are insufficient.

After these general considerations, we shall pose the question in more precise terms.

5. General state of the problem of the instantaneous spectrum and instantaneous
frequency.

One knows the difficulties presented by the definition of instantaneous frequency of a signal.
These difficulties stem from the fact that the frequency of a sinusoid is defined rigorously only when
the signal has an infinite duration ; the spectrum of a signal s(t), which may be expressed as

(1) S(ω) =
1

2π

∫
s(t)e−jωtdt

is defined for the signal ensemble, and does not contain time explicitly. Therefore, in the classical
theory, neither the instantaneous spectrum at the instant t nor the instantaneous frequency are
susceptible to definition. However, this concerns intuitive concepts. If, for example, we consider a
low frequency modulated signal of the form

(2) s(t) = cos

(
ω0t+

∆ω

Ω
sin Ωt

)
it is evident that the �instantaneous frequency� (which is conventionally defined in the case of
frequency modulation) :

(3) ω =
d

dt

(
ω0t+

∆ω

Ω
sin Ωt

)
= ω0 + ∆ω cos Ωt

has a physical significance, which becomes more precise when Ω is small when compared to ω0.

We propose to give a definition of instantaneous spectrum, valid for a fairly extensive class of
signals, and to develop certain applications, the consideration of which has led us to this problem. The
definition which we propose to make introduces conventions which may appear arbitrary, but which
are justified by the coherence of the results and by the parallelism with the analogous conventions
which have been shown to be productive in quantum mechanics.

Our point of departure is the following: it has been easy to associate an instantaneous frequency
with the signal (2) because this signal �can be considered� as the real part of the signal

(4) Ψ(t) = ej(ω0t+
∆ω
Ω sinωt)

which has a constant modulus. The instantaneous frequency in radians/sec, is therefore :

(5) ω =
d

dt
arg Ψ

We therefore, in the case of signals like this, extend it into the complex plane, by means of the
form :

(6) s(t) =
1

2

[
Ψ(t) + Ψ∗(t)

]
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and we will thus obtain the instantaneous frequency by equation (5) ; Ψ(t) is termed the analytic
signal. The first part of this article will be devoted to the establishment of the corresponding
equations. To justify, from another point of view, this definition of instantaneous frequency, we
shall attach it to the concept of group velocity, which will constitute the second part. We then pass
to the concept of the instantaneous spectrum, because instantaneous frequency defines a signal only
quite grossly, and should be considered as the mean value, at a given instant, of the frequencies of the
instantaneous spectrum. We treat this question in the third part, according to the following principles
: a signal may be considered as the support of a certain amount of energy, whose distribution in
time (given by the form of the signal) and in frequency (given by the spectrum) is known. If the
signal extends through an interval of time T and an interval of frequencies Ω, we have therefore
a distribution of energy in a rectangle of area TΩ. We know the projections of this distribution
upon the sides of the rectangle, but we do not know the distribution in the rectangle itself. If we
try to determine the distribution within the rectangle, we encounter the following difficulty : If
we divide the signal on the time scale, we extend the frequencies: if we divide it on the frequency
scale, we extend the times. Thus the distribution cannot be determined by successive procedures. A
simultaneous determination must be sought, which has only a theoretical significance : therefore we
must operate just on the signal or just on the spectrum. But for the signal where, for example, time
is a variable, frequency is, correctly speaking, an operator (the operator (1/2)πj d/dt, for frequencies
in cps). We have determined the simultaneous distribution of t and of (1/2)πj d/dt, by methods of
the calculus of probabilities, which easily leads to the instantaneous spectrum (and equally to the
distribution in time of the energy associated with one frequency). It is seen that the formal character
of the calculus used is imposed by the nature of the difficulty encountered, which is analogous to
that which occurs in quantum mechanics when composing non-commuting operators. We shall use
many results due to Gabor (Theory of Communication), and use the same notation, which allows
us to avoid having to demonstrate some results, and permits us to principally develop new points of
view. Finally, the forth part contains some applications of the concept of the analytic signal which
have been forced upon us, as we have said, in the study of instantaneous frequency.

III. — PART ONE: ANALYTIC SIGNALS AND INSTANTANEOUS FREQUENCY

6. Extension of a real signal in the complex plane.

Consider the signal :

(1) s(t) = cosωt

We can consider, indifferently, as the real part :

(2) Ψ(t) = ejωt

or of :

(3) Ψ∗(t) = e−jωt

Since t takes only real values, there is no reason to choose one of these forms over the other.
This would only happen if t were to take on complex values

(4) t = τ + jθ

that we would see differences. If, in effect, θ goes to +∞, Ψ goes to zero and Ψ∗ goes to infinity.
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σ(t)

ejωt

s(t)
0 cosωt

sinωt
ω

Fig. 1. — The instantaneous fre-
quency ω of the signal cosωt is
given by the angular velocity of
the point with coordinates : cos
ωt, sinωt (sinωt : signal in qua-
drature of cosωt).

If we agree to conserve, in the possible measure, only the
functions which are regular in the upper half-plane, we naturally
choose (fig. 1)

(5) Ψ(t) = ejωt

Take another simple example. For the signal :

(6) s(t) =
1

1 + t2

We can consider indifferently the real parts of the two func-
tions :

1

1 + jt
or

1

1− jt

Only one of these, the second, is regular in the upper half-plane ; therefore we choose

(7) Ψ(t) =
1

1− jt

Consider a third example. Take the signal :

(8) s(t) =
{

1 : −1 < t < +1
0 : t < −1 or t > 1

We can consider s(t) as the real part of :

(9) Ψ(t) =
1

πj
log

t− 1

t+ 1

with a suitably chosen value. The function (9) is not uniform ; we can render it uniform in the upper
half-plane by excluding from this half-plane the singular points −1 and +1.

In general, the above principles lead to the association with the signal s(t) the signal in
quadrature,

(10) σ(t) = − 1

π

∫ ∞
−∞

s(τ)dτ

τ − t

and the function

(11)∗ Ψ(t) = s(t) +
j

π

∫ ∞
−∞

s(τ)

t− τ
dτ

Formula (11) defines Ψ(t) as a function of the complex variable t, holomorphic in the upper
half-plane. We demonstrate that, conversely, one has, for t real :

(12) s(t) =
1

π

∫ ∞
−∞

σ(τ)dτ

τ − t

∗ The original paper gave this equation as:

(11) Ψ(t) = s(t) + jσ(t) =
1

πj

∫ ∞
−∞

s(τ)dτ

t− τ

Prof. Thomas Schanze noticed this and provided the correction.
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7. Analytic signals. One can consider them as a result of the modulation of their en-
velope by a carrier which is itself modulated in frequency. Instantaneous frequency.

A signal such as Ψ(t) will be called an analytic signal. We can then define s(t) by :

(13) s(t) = Re

[
|Ψ(t)|ej arg Ψ

]
so that we define s(t) to be the result of the modulation of the
signal ej arg Ψ by the signal |Ψ|. If we consider that |Ψ| repre-
sents the envelope of s(t), and that ej arg Ψ is a signal which is
frequency modulated, we obtain for the instantaneous frequency
the expression shown in (fig. 2).

(14) ft =
1

2π

d

dt
arg Ψ =

1

4πj

Ψ∗

Ψ

d

dt

Ψ

Ψ∗

For s(t) = cos(ωt+ ϕ), we obtain :

(15)

{
Ψ(t) = ej(ωt+ϕ)

ft = ω
2π

ω > 0

Ψ(t)

s(t)

σ(t)

Fig. 2. — The instantaneous
frequency of the signal s(t) is
the angular velocity of the point
Ψ(t) = s(t) + jσ(t), where σ(t)
is the signal in quadrature of
s(t).

The instantaneous frequency is constant for this signal. If we consider the signal :

s(t) =
1

1 + t2
= Re

[ 1

1− jt

]
we obtain :

(16) ft =
1

2π

1

1 + t2

Now consider a modulated sinusoidal signal :

s(t) = cosωt cos Ωt Ω > ω > 0

we have then :

Ψ(t) =
1

2

[
ej(Ω+ω)t + ej(Ω−ω)t

]
|Ψ(t)| = cosωt ft =

Ω

2π

Here the instantaneous frequency is the frequency of the carrier, and |Ψ| is the envelope as
usually defined. One must remark the importance of the fact that in the exponentials the coefficients
of t are positive. Neglecting this warning leads to exchanging the roles of ω and Ω, and leads to
absurd results.

8. All signals modulated by a frequency sufficiently high can be considered as analytic.

The fact that in the preceding example one found for the instantaneous frequency the carrier
frequency is not isolated, but results from the following proposition :

Whatever the signal s(t), the function :

Ψ(t) = s(t)ejω0t ω0 > 0
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which is not in general an analytic signal, more closely approaches the analytic signal Ψ(t)
(associated with s(t) cosω0t) as ω0 becomes large :

One immediately sees that this has as a consequence to attribute, for large values of ω0, the
instantaneous frequency ω0/2π to s(t) cosω0t.

The proposition that we will use is itself an immediate consequence of the fact that an analytic
signal is characterized by the property of having a spectrum who’s amplitude is null for negative
frequencies. However, modulate s(t) by ejω0t remembering to make a translation ω0 of the spectrum
of s(t). For a sufficiently large value of ω0 the spectrum is entirely in the region of positive frequencies,
and s(t)ejω0t becomes analytic.1)

IV. — PART TWO : GROUP VELOCITY AND INSTANTANEOUS FREQUENCY.

9. Group velocity and phase velocity.

One knows that if a signal has a phase velocity Vϕ, it’s group velocity is :

(1) Vg =
dω

d(ω/Vϕ)

One observes from this equation that the simple characteristics are the inverse of the group and
phase velocities, that is the time of group and phase propagation of given length.

10. Group epoch of a signal considered as a mean value of the group epochs of the
different frequencies.

Now consider an analytic signal Ψ(t), and Φ(f) its spectrum2); we have :

Ψ(t) =

∫
Φ(f)e2πjftdf(2)

Φ(f) =

∫
Ψ(t)e−2πjftdt(3)

(−1)n
∫

Ψ∗tnΨdt =

∫
Φ∗
[

1

2πj

d

dt

]n
Ψdt(4) ∫

Φ∗fnΦdf =

∫
Ψ∗
[

1

2πj

d

dt

]n
Ψdt(5)

Attempt to evaluate the epoch of the signal. We can consider that the signal energy is manifested
by the density Ψ∗Ψ during the interval dt. This gives us a mean value for the epoch :

(6) t =

∫
Ψ∗tΨdt∫
Ψ∗Ψdt

This epoch, having been determined by energy considerations, will be called the group epoch.
Now using equation (4) ; we obtain :

(7) t = − 1

2πj

∫
Φ∗ ddfΦdf∫
Φ∗Φdf

1) This is the real reason why Gabor employed modulated bell-shaped signals.
2) We use, as appropriate, the notation ω or f for the frequency, measured in radians/sec or

cycles/sec, respectively. The spectra are thus represented by S(w) or Φ(f).
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Show the modulus and argument of Φ :

1

Φ

d

df
Φ =

1

|Φ|
d

df
Φ + j

d

df
arg Φ

Since t is real, we obtain :

(8) t = − 1

2π

∫
Φ∗Φ d

df arg Φdf∫
Φ∗Φdf

Consider now that the signal energy is distributed across the frequency scales with density
ΦΦ∗ ; we see that t, the group epoch relative to the entire signal, becomes the weighted average of
the quantities :

(9) tf = − 1

2π

d

df
arg Φ

which we thus consider like the group epochs relative to different frequencies. We therefore see that
the power associated with a frequency f can be considered as manifested, with a certain averaging,
as the instantaneous average tf .

11. The average signal frequency considered as a weighted average of the different
instantaneous frequencies.

Invert now the role of f and of t. We establish thus that the mean signal frequency defined by :

f =

∫
Φ∗fΦdf∫
Φ∗Φdf

can equally be defined by :

f =
1

2π

∫
Ψ∗Ψ d

dt arg Φdt∫
Ψ∗Ψdt

that is to say as the weighted average of an instantaneous frequency :

(10) ft =
1

2π

d

dt
arg Ψ (in c/s)

We easily recover the expression that we already encountered.
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V. — PART THREE: DISTRIBUTION OF ENERGY IN A TIME-FREQUENCY
DIAGRAM

12. Characteristic function of the energy distribution

Now we define a distribution of the energy in time and in
the frequency space of the form (fig. 3)

(1) p(t, f)dtdf

We suppose in what follows, that we are dealing with a
normed signal for which :

(2)

∫
Φ∗Φdf =

∫
Ψ∗Ψdt = 1

which does not at all restrict the generality. p assumes the
same properties as a probability distribution function, and we
will determine its characteristic function :

(3) F (u, ν) =

∫∫
ej(ut+νf)p(t, f)dtdf

We have calculated the mean value of ej(ut+νf), but we could
only do this since the function Ψ, does not contain f, or Φ,
does not contain t. Therefore we are obliged to consider either
t or f as operators. If we deal with Ψ, we are lead to the
expression :

p(t, f)dtdf

|Ψ|2

|Φ|2

V

H

f

t

Fig. 3. — At the element dt df, in
the time frequency diagram, the cor-
responding energy is p(t, f)dtdf. The
distribution of these energies in the
vertical band gives an instantaneous
spectrum at the time t ; in a horizon-
tal band, we equally obtain in time
the energy carried by one frequency.
By projection on the axes, one ob-
tains the signal (on the time axis)
ans its spectrum (on the frequency
axis).

(4) F (u, ν) =

∫
Ψ∗ej

(
ut+ ν

2πj
d
dt

)
Ψ(t)dt

Examine what this exponential operator provides, applied to Ψ. If we decompose it in two parts,
we obtain, depending on the order in which we consider the factors :

ejute
ν
2π
d

dt
Ψ(t) = ejutΨ

(
t+

ν

2π

)
or :

e
ν
2π
d

dt
ejutΨ(t) = eju

(
t+

ν

2n

)
Ψ

(
t+

ν

2π

)
These equations are unacceptable, since they are incompatible with the relation :

F ∗(u, ν) = F (−u,−ν)

which we deduced from (3) (for real u, ν).

Now consider the geometric mean3) of the two results given by the preceding equations :

(5) ej
(
ut+ ν

2πj
d
dt

)
Ψ(t) = eju

(
t+

ν

4π

)
Ψ

(
t+

ν

2π

)
3) The form (5) of this operator is that which is obtained if one assumes that one develops the

powers
(
ut+ ν

2πj
d
dt

)n
while conserving the order of the terms.
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We obtain (with a slight change of notation) :

(6) F (u, ν) =

∫
Ψ∗
(
t− ν

4π

)
Ψ

(
t+

ν

4π

)
ejutdt

which is an acceptable form of F (u, ν).

13. Energy distribution. Instantaneous spectrum ; the distribution in time of the energy
associated with one frequency.

The presence of the factor ejut shows that the characteristic function of f when t is known, is
none other than :

(7) Ψ∗
(
t− ν

4π

)
Ψ

(
t+

ν

4π

)/
|Ψ|2

where the distribution function of f when t is known :

(8) pt(f) =
1

2π|Ψ|2

∫
Ψ∗
(
t− ν

4π

)
Ψ

(
t+

ν

4π

)
e−jνfdν

The distribution function of t for |Ψ(t)|2, we obtain explicitly as :

(9) p(t, f) =
1

2π

∫
Ψ∗
(
t− ν

4π

)
Ψ

(
t+

ν

4π

)
e−jνfdν

The modulus of the instantaneous spectrum4), is given by equation (8) ; in an analogous manner
the distribution, in time, of the energy attached to a frequency will be :

(10) pf (t) =
1

2π|Φ|2

∫
Φ∗
(
t+

u

4π

)
Φ

(
t− u

4π

)
e−jutdu

VI. — PART FOUR : APPLICATIONS OF THE CONCEPT OF THE ANALYTIC

SIGNAL.

The duality that exists between time and frequency permits the development of a more clear
idea of certain phenomena ; here we will treat some typical examples.

14. Determination of a time signal. Distortion of amplitude and of phase.

Take Φ(t) to be an analytic signal. If we concentrate on the frequency, we find that this signal
has an envelope |Ψ(t)| which modulates a signal with varying instantaneous frequency. Thus, in
the distribution of frequencies, we expect to find two terms, one taking account of the variation
of instantaneous frequency, the other the variation of the amplitude of the envelope. Analytically,
suppose that we have taken for the frequency origin the mean frequency f, the mean of the
instantaneous frequencies.5) Thus we have :

(1) f =

∫
Ψ∗Ψftdt = 0

4) It appears not to be possible to obtain the phase of the instantaneous spectrum.
5) Here we assume in addition that the signal is normed.
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The distribution in frequencies will be :

(2) f2 =

∫
Φ∗f2Φdf

and the distribution of instantaneous frequencies :

(3) f2
t =

∫
Ψ∗f2

t Ψdt

Form the difference and express everything as a function of Ψ

(4) f2 − f2
t = − 1

4π2

∫ [
Ψ∗

d

dt2
Ψ + Ψ∗

(
d

dt
arg Ψ

)2

Ψ

]
dt

Take :
Ψ = |Ψ|ej arg Ψ

The derivation gives :
1

Ψ

d

dt
Ψ =

1

|Ψ|
d

dt
|Ψ|+ j

d

dt
arg Ψ

1

Ψ

d2

dt2
Ψ− 1

Ψ2

(
d

dt
Ψ

)2

= − 1

|Ψ|2

(
d

dt
|Ψ|
)2

+ etc . . .

Carrying the expression 1
Ψ
d2

df2 Ψ into (4) and conserving only the real terms, results in :

f2 − f2
t = − 1

4π2

∫ [
d

dt
|Ψ|
]2

dt

which gives the final expression for f2 :

(5) f2 =
1

4π2

∫
ΨΨ∗

[(
d

dt
arg Ψ

)2

+

(
1

|Ψ|
d

dt
|Ψ|
)2]

dt

We have derived the two terms as indicated above, the one relates to the spreading of instan-
taneous frequencies, the other to the amplitude variations of the envelope.

If we now reason about the spreading in time, we obtain, taking the origin of the mean time to
be t :

(6) t2 =
1

4π2

∫
ΦΦ∗

[(
d

df
arg Φ

)2

+

(
1

|Φ|
d

df
|Φ|
)2]

df

We return to familiar ideas ; in effect, if we suppose that the signal was produced by a Dirac
impulse through a filter with characteristic Φ(f), we find in t2 the two distortion elements, the
first term is the distortion due to phase, the second is the amplitude distortion. We remark that
the phase distortion which is introduced here is a distortion of the time of the group propagation
(�delay distortion�).

By use of logarithms, we obtain, for the time and frequency distortions, the expressions :

f2 =
1

4π2

∫ ∣∣∣∣Ψ∗ ddt log Ψ

∣∣∣∣2dt =

∫ ∣∣∣∣dΨ

dt

∣∣∣∣2dt
(7) t2 =

1

4π2

∫ ∣∣∣∣Φ∗ ddf log Φ

∣∣∣∣2df =

∫ ∣∣∣∣dΦ

df

∣∣∣∣2df



74 �C & T, 2e A., No 1, 1948.�

15. Transfer admittances.

Given a transfer admittance Y (jω). One knows that if ω is complex, the resulting currents of
the form ejωt are such that the imaginary part of ω is positive. Thus Y (jω) is regular in the lower
half-plane. If we investigate the properties of analytic signals, we see that one can pass from an
admittance to an analytic signal by a change of variable :

(8) ω = −t

If Ψ(t) is an analytic signal, we can deduce a transfer impedance by the equation :

(9) Y (jω) = Ψ(−ω)

The impulse admittance associated with Y (jω) is :

(10) B(t) =
1

2π

∫
Y (jω)ejωtdω

Furthermore, the spectrum of Ψ(t) is :

(11) S(ω) =
1

2π

∫
e−jωtΨ(t)dt = B(ω)

We note that B(t) is null for negative values of t, and also S(ω) is null for negative values of ω.
The sole new restriction that is imposed is that B(t) has to be real, the requirements for ω(t) to be
an analytic signal are that :

(12) Ψ(−t) = Ψ∗(t) (for t real)

Under condition (12), there is a perfect concordance between transfer admittances and analytic
signals, between spectra and impulsive admittances.

16. Pass-band filters ; examples of physically realizable admittances.

The formation of a transfer admittance by a filter is an analog, we have seen, to the formation
of an analytic signal. Or, to form an analytic signal, it suffices to start with an arbitrary signal s(t),
and form its spectrum, which gives :

(13) s(t) =

∫
S(ω)ejωtdω [S(−ω) = S∗(ω)]

and then, to preserve, by doubling it, only the part of the spectrum corresponding to positive
frequencies, which leads to :

(14) Ψ(t) = 2

∫ ∞
0

S(ω)ejωtdω

In order to not cut into this spectrum, one can shift it to the right by a suitable modulation.

The corresponding procedure for forming a transfer admittance is as follows :

One starts with a non-physically realizable admittance, such as Y1(jω), and one determines the
corresponding impulsive admittance B1(t) :

(15) B1(t) =
1

2π

∫
Y1(jωt)ejωdω
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B1(t) is non-zero for t < 0 (this is what indicates that Y1 is not physically realizable). One shifts
B1(t) to the right, and cuts it, such that B1(t) = 0 for t < 0. One has deduced Y :

(16) Y (jω) =

∫ ∞
0

B(t)e−jωtdt

If T is the amplitude of the translation which was substituted for B1(t), we obtain :

Y (jω) =

∫ ∞
0

B1(t− T )e−jωtdt

If B1(t) is symmetric, one can also cut the end of the signal, which gives :

(17) Y (jω) =

∫ 2T

0

B1(t− T )e−jωtdt

This final admittance provides an advantage in that it does not have a phase distortion. But it
has an amplitude distortion. So, for example :

(18) Y1 =
{

1 for ω1 < ω < ω2 and− ω2 < ω < −ω1

0 outside the intervals above

B1(t) =
sinω2t− sinω1t

π(ω2 − ω1)t

Y (jω) =

∫ 2T

0

sinω2(t− T )− sinω1(t− T )

π(ω2 − ω1)(t− T )

Y (jω) has as argument – jωT ; it therefore has no distortion of phase. Otherwise, when T tends to
infinity, |Y | tends to the characteristic of an ideal pass-band filter ; but in the neighborhood of ω1

and ω2 there are oscillations due to the Gibbs phenomenon.

17. Bell-shaped admittance curves.

The �bell-curve� admittances permit the resolution of this difficulty. It is known that the
signal :

(19) s(t) =
1√
2π

e−
t2

2

has the spectrum :

(20) S(ω) = e−
ω2

2

where, for the signal :

(21) s(t) =
1

σ
√

2π
e−

(t−t0)2

2σ2

the spectrum :

(22) S(ω) = e
σ2ω2

2 e−jωt0

If we modulate by ejω0(t−t0)(ω0 > 0), we replace the spectrum of ω0, where :

(23)
Ψ(t) =

1

σ
√

2π
e−

(t−t0)2

2σ2 ejω0(t−t0)

S(ω) = e−
σ2(ω−ω0)2

2 e−jωt0
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Since ω0 >
3
σ , S(ω) can be considered as situated in the region ω > 0. For the signal :

(24) s(t) =
1

σ
√

2π
e−

(t−t0)2

2σ2 cosω0(t− t0)

the corresponding spectrum is :

(25) S(ω) = e−jωt0
1

2

[
e−

σ2(ω−ω0)2

2 + e−
σ2(ω+ω0)2

2

]

For t0 > 3σ, we can consider S(ω), given by (25) as a transfer admittance. For ω0 >
3
σ , in (25)

we can just keep the first term in brackets. One sees easily that in (24) if one replaces the cosines
by sines, this leads to replacing (25) by :

(26) S(ω) = je−jωt0
1

2

[
e−

σ2(ω−ω0)2

2 − e−
σ2(ω+ω0)2

2

]
Suppose that we want to specify a pass-band in the band (ω1, ω2). We choose σ > 3/ω1, t0 >

3σ > 9/ω1 and integrate on w0 between ω1 and ω2, which gives (on adding appropriate coefficients) :

(27)

Y (jω) = S(ω) = e−jωt0
σ√
2π

∫ ω2

ω1

e−
σ2(ω−ω0)2

2 dω0

s(t) = B(t) =
1

π
e−

(t−t0)2

2σ2
sinω2(t− t0)− sinω1(t− t0)

t− t0

A low-pass filter is characterized by :

(28)

Y (jω) = e−jωt0
σ√
2π

∫ ω1

−ω1

e−
σ2(ω−ω0)2

2 dω0

B(t) =
1

π
e−

(t−t0)2

2σ2
sinω1(t− t0)

t− t0

18. Phase shift filter causing the appearance of the quadrature signal.

If, instead of (25), we use the spectrum (26), and we integrate between 0 and ω1, we obtain a
filter of a special type, characterized by :

(29)

Y (jω) = −jejωt0 σ√
2π

∫ ω1

0

[
e−

σ2(ω−ω0)2

2 − e−
σ2(ω+ω0)2

2

]
dω0

s(t) = B(t) =
1

π
e−

(t−t0)2

2σ2
1− cosω1(t− t0)

t− t0

If ω1 and σ tend to infinity, we see by increasing the factor e−jωt0 , we obtain a transfer impedance
of the form (for ω real) :

(30) Y (jω) = j sinω

The analytic signal :
Ψ(t) = s(t) + jσ(t)
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is thus transformed to :
σ(t− t0)− js(t− t0)

So, s(t) is transformed to σ(t) : the filter defined by the expressions (29) provides the property
of transforming a real signal s(t) into its quadrature signal σ(t), with a certain approximation which
improves as the propagation time across the filter becomes larger.

The filter (29), for large ω0 and t0, does not cause amplitude distortion, but does cause a phase
distortion. Its interest comes from the fact that it provides, it seems to us, a simple theoretical means
of showing the existence of a quadrature signal, which has not been used up to this point for reasons
of calculational convenience.

19. Quadrature signal and single side-band transmission.

We will recover the quadrature signal by another procedure, based on experiment. One knows
that the quadrature signal appears as a parasitic signal in single side-band transmission ; the
considerations developed here permit a clear explanation of this phenomenon.

Consider a real signal σ(t), within frequencies between −ω1 and ω1. Modulate this signal with
a carrier cos Ωt, where Ω > ω1. Modulate, with a new signal, a new carrier cos Ωt, and filter with a
pass-band of bandwidth (−Ω, Ω). We obtain the signal :

s(t) cos2 Ωt =
1

2
s(t)

[
1 + cos 2Ωt

]
which, after filtering, gives 1/2 s(t). This is the case of ideal transmission over two side bands.

Now suppose that the second carrier is de-phased with respect to the first one ; take as this
carrier cos(Ωt+ ϕ). We will obtain the signal :

s(t) cos Ωt cos(Ωt+ ϕ) =
1

2
s(t)

[
cosϕ+ cos(2Ωt+ ϕ)

]
which gives, after the filtering, 1/2 s(t) cosϕ. The de-phasing translates to a weakening of the signal.

Fig. 4. — The spectrum of a sig-
nal which is translated to the left,
by the first modulation. The fil-
ter suppresses the high frequencies
(corresponding to primitively pos-
itive for the right spectrum, prim-
itively negative for the left spec-
trum. The second modulation, if
it is in phase with the first, recon-
structs the primitive spectrum, by
replacing the positive and negative
frequencies. If it is de-phased with
respect to the first modulation, the
positive and negative frequencies
are themselves de-phased, so that
a quadrature spectrum appears.

If we operate with the single side-band, say the lower
band, we will interleave a filter between the the two modula-
tions, this requires us to use Ψ(t). Let S(ω) be the spectrum
of Ψ(t). After the first modulation, the spectrum becomes :

1

2

[
S(ω − Ω) + S(ω + Ω)

]
We only keep the lower band, and proceed to the second
modulation (fig. 4). If the second carrier is in phase with the
first, we recover the primitive spectrum ; but if it is not in
phase, that is if we multiply by :

1

2

[
ej(Ωt+ϕ) + e−j(Ωt−ϕ)

]
this results in a dividing of the spectrum, the right half is
multiplied by ejϕ, the left half by e−jϕ. The final signal is
therefore a spectrum such as :

for ω > 0 S1(ω) =
1

4
ejϕS(ω)

for ω < 0 S1(ω) =
1

4
e−jϕS(ω)



78 �C & T, 2e A., No 1, 1948.�

The corresponding analytic signal is therefore :

Ψ1(t) =
1

4
ejϕΨ(t)

There was a phase shift of Ψ(t), and consequently the signal in quadrature is introduced. We
have exactly :

s1(t) =
1

4

[
s(t) cosϕ− σ sinϕ

]
We see therefore the appearance of the essential difference between the two modes of transmis-

sion in two side bands or in a single side band.

1st september 1947


